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I. INTRODUCTION

B
ELFIORE and Oggier defined in [2] the secrecy gain where as a new lattice invariant to measure how much confusion the eavesdropper will experience while the lattice is used in Gaussian wiretap coding. The function is called the secrecy function. Belfiore and Solé then conjectured in [3] that the secrecy function attains its maximum at , which would then be the value of the secrecy gain. The secrecy gain was further studied by Oggier et al. in [6] and by Lin and Oggier in [8] , and very recently also by Lin and Oggier, when they considered unimodular lattices in dimensions [9] . The main point of this paper is to prove the following theorem.
Theorem 1: The secrecy function obtains its maximum at on all known extremal unimodular lattices. The method used here applies for any given unimodular lattice. This will be discussed in its own section. We will also prove the conjecture for possibly existing extremal even unimodular lattices in dimensions 88-200. Since and , the theta function of an even unimodular lattice can be easily written as a polynomial of these basic theta functions. Furthermore, the secrecy function can be written as a simple rational function of (1) Hence, finding the maximum of the secrecy function is equivalent to finding the minimum of the denominator of the previous expression on the range of . Definition 2: An even unimodular lattice in dimension with is called extremal if the norm of the shortest vector on the lattice is . It is worth noticing that the definition of extremal has changed. Earlier (see, e.g., [4] ), extremal meant that the shortest vector was of length . With the earlier definition, the highest dimensional self-dual extremal lattice is in dimension 24 (see [4] ), while with the current definition there is a self-dual extremal lattice in dimension 80, for a construction, see [1] . The proof of Theorem 1 will cover all extremal lattices by both old and new definitions.
It is not clear whether there exist extremal unimodular lattices in dimensions greater than 80. Already the existence of the extremal lattice in dimension 80 came as something like a surprise, and even more recently, Nebe [10] managed to find an extremal even unimodular lattice in dimension 72 after many people trying to find one, or to prove the existence of one impossible. It is also worth noting that the existence of a theta function does not guarantee the existence of a lattice. Also, it is important to remember that even if there are several different extremal even (or odd) unimodular lattices in the same dimension, their theta functions are the same.
Let us now turn to general unimodular lattices, in particular odd ones. Write , where is the dimension of the lattice. Just like a bit earlier, the theta function of any unimodular lattice (regardless of whether it is even or odd) can be written as a polynomial (see, e.g., [4, (3) 
where . Hence (2) Again, to determine the maximum of the function, it suffices to consider the polynomial in the denominator in the range of (or ). The following lemma is easy, and follows from the basic properties of the theta functions. The proof is here for completeness.
Lemma 3:
Let be a positive real number. The function has symmetry
The choice of this function is motivated by the proof of Theorem 5, where it appears. It also further appears in the polynomial expressions for all the other secrecy functions of unimodular lattices.
Proof: The formulas [5, (21) ] give the following:
Now which was to be proved.
We may now formulate a lemma that is crucial in the proof of the main theorem. Combining all these pieces together, we obtain Since the factor 2 is just a constant, it suffices to consider the function . To find the maxima, let us first differentiate the function Since is always positive, it suffices to analyze the part to find the maxima. We wish to prove that the derivative has only one zero, because if it has only one zero, then this zero has to be located at (because the original function has a symmetry, and therefore, a zero in the point results in a zero in the point which has to be separate unless ). To show that the derivative has only one zero, let us consider the second derivative, or actually, the derivative of the part . Now
Now, we wish to show that this is negative when . Let us first look at the term and the terms in the sum corresponding the values and . Their sum is
The denominator is positive when , and the numerator has two real roots, which are both negative (approximately and ). On positive values of , the numerator is always negative. In particular, the numerator is negative when . Let us now consider the terms , and show that the sum is negative. Since the original function has the symmetry , and we are limiting to the real values of the theta series, we may now limit ourselves on the interval , which means that . Let us now show that the sum of two consecutive terms where the first one corresponds an odd value of and the second one an even value of is negative. The sum looks like the following:
Let us estimate this, and take a common factor when Since , and , when , this proves that the first derivative has only one zero. This zero is at . Since the second derivative is negative, it means that this point is actually the maximum of the function. The maximum value is It suffices to show that the first derivatives of the denominators are negative because then the denominator is decreasing, and the function is increasing and obtains its maximum at . In dimension 16, the derivative is In dimension 24, the derivative is In dimension 32, the derivative is In dimension 40, the derivative is In dimension 48, the derivative is In dimension 56, the derivative is In dimension 64, the derivative is In dimension 72, the derivative is which has real zeros and , and when , the derivative is negative, which proves this case. It remains to consider the dimension 80, where the derivative is which has real roots , , and , and is negative when . This proves the theorem.
IV. PROOF OF THEOREM 1 FOR ODD LATTICES
Let us now move those lattices which are extremal by the old definition. As we earlier noted, these only exist in very few dimensions. Since the extremal lattices in dimensions are lattices , we may omit considering these. Therefore, we can just concentrate on the following easy cases:
It is clear that the first derivatives of the denominators are negative, and therefore, the denominator is decreasing, and the function is increasing and again obtains its maximum at
V. POSSIBLY EXISTING EXTREMAL UNIMODULAR LATTICES
It is not clear whether there are extremal even unimodular lattices in dimensions higher than 80. However, it is easy to numerically compute the theta functions and the rational expressions in for the secrecy function for the possibly existing extremal lattices. It can be done by SAGE [11] in the following steps. At first, we wish to create vectors involving the relevant Fourier coefficients of powers of and and products of these powers Next, we wish to choose such coefficients for the polynomial expressions of the theta functions that there are no short vectors because by definition, then a lattice is extremal We may use the following code to show that the derivatives of the polynomials corresponding extremal lattices in dimensions do not have any zeros on the interval by replacing the in the code by integers . This shows that the secrecy function must be monotonic on and
Finally, using the code we get the following picture, where the -axis gives the dimension and the -axis gives the value of the polynomial at . Since the value of the polynomial at zero is 1, it shows that the polynomial is decreasing, which proves the conjecture for possibly existing extremal unimodular lattices in dimensions 88-200.
VI. METHOD FOR ANY GIVEN UNIMODULAR LATTICE
Let be a unimodular lattice. Then, its secrecy function can be written as a polynomial , where as shown in (1) and 2. Now, according to Lemma 4,  (the lower bound does not follow from the lemma but from the fact that is a square of a real number). Therefore, it suffices to consider the polynomial on the interval . The conjecture is true if and only if the polynomial obtains its smallest value on the interval at . Investigating the behavior of a given polynomial to show whether one point is its minimum on a short interval is a very straightforward operation.
VII. CONCLUSION
It seems that the conjecture might hold for extremal lattices in general. Although there is no proof for that. However, one may use the method in Section V to easily consider the possibly existing extremal lattices on any given range of dimensions. Furthermore, the method in the previous section gives a fast way to verify or disprove the conjecture for any given unimodular lattice: since obtains its maximum at , when the expression is equal to , and it has the symmetry described earlier, and for it is decreasing, and when , the conjecture is true if and only if the polynomial is decreasing on the interval .
